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Fig. 1. Thianthrene bond lengths in Angstrém units.

in the crystal. The closest approach between molecules
oceurs between two carbon atoms separated by 3-61 A.
The shortest distance between sulfur atoms in adjacent
molecules is 3-77 A; the shortest intermolecular S—C
contact is 3-83 A.

A comparison of additional results obtained in this
work with those of Lynton & Cox is given in Table 4.
In general the results of the two determinations agree
very well; the most significant difference between the two
concerns the C-C bond length. Lynton & Cox report
apparently significant variations among C-C bonds. No
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significant variations among these bonds are indicated
by our results. Pending further work, this aspect of the
molecular structure of thianthrene must be considered
unresolved. A schematic diagram of thianthrene, giving
bond lengths determined in this investigation, is shown
in Fig. 1.

The authors wish to thank Prof. Ray Pepinsky for the
use of his X-RAC calculator. They acknowledge with
thanks the help of Dr David Sayre in providing the
least-squares refinement program and for illuminating
discussions of the computing problem. Thanks also go
to the International Business Machines Corporation for
a grant, which provided for the use of their Type 704
computer, and to Dr A. Tulinsky, who helped with some
of the calculations.
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Scale-factor adjustment for optimum comparison of observed and calculated structure fac-
tors.* By EpHrATM SEGERMAN,T Polytechnic Institute of Brooklyn, 333 Jay Street, Brooklyn 1, N. Y., U.S.A.

(Received 8 August 1957)

In most of the structures reported to date, the observed
structure factors have been scaled to the calculated ones
by using the ratio of the sums as a scaling factor. This
procedure is justified only if the differences between the
observed and calculated structure factors are random
over a large body of data. With the accuracy and sen-
sitivity of modern techniques for collecting data, and
assuming a ‘correct’ structure has been proposed, this is
usually the case. Thus a more accurate method for
deriving the scale factor, as is proposed here, will be of
little general value. Nevertheless, if a structure is based
on only a few reflections and the discrepancies are large,
it is quite possible to give a marked improvement in the
reported accuracy of a structure determination by ad-
justing this scale factor. The derived atomic coordinates
are unaffected by this adjustment; but absolute electron-
density measurements could be improved.

The optimum scale factor can be directly derived by
including the scale factor as a variable in the expression
for the residual being used as a measure of the structure
determination accuracy, and setting the partial derivative
of the residual with respect to the scale factor equal to
Zero.

In the following examples we shall define x as the
scale factor, k& the index (kkl), F} cal. and Fy obs. given

* This work supported in part by Office of Naval Research.
T Present address: Lever Brothers Company, Edgewater,
N.J., US.A.

calculated and observed structure factors, and R the
residual. In the case of the general least-squares approach
(Hughes, 1941; Booth, 1947), where

Ry = 3 Wi (|Fg cal.|— |2 Fy obs.|)?
£

the scale factor for minimum R becomes

2 Wlek ObS.l]Fk ca1.|
Ty = k

> Wi|Fy obs.|?
k

In the case of the least-squares method used by Shoe-
maker et al. (1950), where

Ry = 3 Wi(|F) cal.|2—|zF} obs.|2)2,
K
the scale factor for minimum R, becomes

(> WiF cal.|?| Fy obs.lfé
k

Ty =

> W} F obs.|*

k d
In the case of the iterative Fourier technique, where the
residual usually employed is the ‘reliability index’, which
for the moment may be defined as

2 || Fy cal.|— |zF} obs.||
%

R, =
8 3 | Fy, cal.| ’
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the calculation of the optimum scale factor is not as
straightforward as in the above examples; it follows:
Let

Yy = By X |Freal], 4 =k when |F}ecal.|> z|Fyobs.|,
k

and

J =k when |Fycal.| < z|Fyobs.|.

‘Then
Yy = %‘ “Fk cal.[—[ka ObS.”

= 3 |F;cal.|— X |F; cal.|[+z (3 |Fjobs.|— 3 |F; obs.])
i ] 7 T

and
dylox = X |F;obs.|— 3 |F; obs.| . (@)
7 7
Since
2 |Fyobs.| = X |Fjobs.|+ X |F;obs.|,
k j B
then

3 [Fjobs.| = § 3|y obs.| +} (2yfea) . (b)
7

As z increases, the ks, one by one, change from being
7’8 to j’s. From equation (a), in the range of x’s between
each change Oy/0x is a constant, and at each change
dy/oxz discontinuously increases, thus forming on the
whole an increasing step function. The function y is then
a polygon whose minimum in general will be at a corner,
i.e., at the value of z at which the discontinuity in 8y/éx
crosses OJy/oxr = 0. These discontinuities occur when
|Fy cal.| = z|F} obs.|, and so the desired = is the ratio
of a particular pair of observed and calculated F’s:
T = |F'pm cal.| +|Fy, obs.|. Equation (b) suggests the
method for finding this pair. If we have X |F} obs.|
k

calculated and we keep adding terms to ¥ | F'; obs.|,

i
the first term added which brings the latter sum to
greater than half the former one is the desired term.
Thus the procedure is as follows: List | Frobs.|’s, | Frcal.|s,
and their ratios. Order the terms according to increasing
ratios. Sum the |Fjobs.|’s. Start summing them again
and stop when half the total sum is exceeded. The listed
ratio of the last term added is the required scale factor
2z, to be used for the whole set.

When the usual scaling method is employed it is
immaterial whether the denominator of R, is defined as
2 |Freal.| or X |zFjyobs.|. In the method proposed

& k

here these values are different, so the alternative should
be discussed:
If we define
2 || Fy cal.| — x| Fy, obs.||
_R, — k
3 > x| Fy obs.| ’
k

the solution is quite similar: y’ becomes R; 3 | Fj; obs.| so
&

S ||Fi cal.|— [xF obs.||
P

’

y:

x
and
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, Z|Fjcal|—3 |F;cal]
% _ i i

ox x?

and
S |Fjcal. =33 F cal+x—23y—, (¢)
- [ =3 < & . 5 5

It is obvious according to equation (c) that the same
summing procedure as in the previous case gives the
appropriate result, except that the |F} cal.|’s are summed
rather than the |F obs.|’s.

The function R; would be preferred over R,, for the
experimental data is what we are trying to match.

The value of the ‘reliability index’ (or any of the other
residuals) as a criterion for judging the accuracy of a
structure determination has been much discussed
(Donohue & Trueblood, 1956; Lipson & Cochran, 1953;
Evans, 1956). The consensus of opinion seems to be
that it is inadequate as a sole criterion but has value as
one of several criteria to be applied concurrently. Ex-
amples of the others to be applied are: unusual differences
between observed and calculated structure factors of
individual reflections, shapes and relative heights of
Fourier peaks and the extent of background variations
between them, reasonableness of bond lengths and angles
and of the packing arrangements, etc.

Under rare circumstances would differences in the
‘reliability index’ of less than 1% be considered signifi-
cant. A guess, based on only limited experience with the
method for deriving the scale factor reported here, would
be that it would not significantly improve the value of
R if the number of independent reflections observed is
over 50 and R; is under or in the neighborhood of 209,.
The cases in which this method would give significant
improvement in R, are just those in which unusual
differences between the observed and calculated structure
factors of particular reflections exist, and thus the pro-
posed structure should be questioned in spite of the value
of R,.

Nevertheless it is conceivable that experimental con-
ditions in particular instances might unavoidably be so
poor that large discrepancies are inevitable, and in such
instances application of this method might indicate that
the experimenter was not quite as bad off as he thought
he was.

On the other hand a more accurate scaling factor results
in more accurate electron-density measurements, and it
is conceivable in particular instances that the accuracy
dictated by the data is so great that the slightly im-
proved scaling factor would significantly improve the
results.
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